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OPERATOR FACTORIZATION OF RANGE SPACE RELATIONS
MARIA JOIT¸A AND TANIA LUMINIT¸A COSTACHE
Abstract. Given two range space relations A and B in Hilbert spaces, we
characterize the existence of a range space operator T such that A = BT,
respectively A = TB.
1. Introduction and Preliminaries
Arens [1] introduced the notion of linear relation in linear spaces to extend the
theory of single-valued operator to the multi-valued case.
In what follows we remind some notions and results from [1, 4, 3, 6] that we need
throughout this paper.
Let X and Y be two linear spaces. A subspace A ⊆ X × Y of X × Y is called
a linear relation in X × Y. The notations dom(A) and ran(A) denote the domain
of A, respectively the range of A, which are linear subspaces of X , respectively of
Y defined by
dom(A) = {x ∈ X ; (∃) y ∈ Y such that (x, y) ∈ A},
respectively
ran (A) = {y ∈ Y; (∃)x ∈ X such that (x, y) ∈ A}.
The notations ker(A) and mul(A) denote the kernel of A, respectively the multi-
valued part of A, which are linear subspaces of X , respectively of Y defined by
ker (A) = {x ∈ X ; (x, 0) ∈ A},
respectively
mul (A) = {y ∈ Y; (0, y) ∈ A}.
A linear relation A is the graph of a linear operator if and only if mul(A) = {0},
and a linear operator will be identified with its graph.
If A ⊆ X × Y is a linear relation, then A−1 ⊆ Y × X is a linear relation with
dom
(
A−1
)
=ran(A) , ran
(
A−1
)
=dom(A) , ker
(
A−1
)
=mul(A) and mul
(
A−1
)
=
ker (A) .
Let X ,Y and Z be three linear spaces, A ⊆ X × Y and B ⊆ Y × Z two linear
relations. The product BA defined by
BA = {(x, z); (∃)y ∈ Y such that (x, y) ∈ A and (y, z) ∈ Z}
is a linear relation in X × Z.
Let Xi, and Yi, i = 1, 2 be four linear spaces and Ai ⊆ Xi × Yi, i = 1, 2 be two
linear relations. The component -wise sum A1+̂A2 defined by
A1+̂A2 = {(x1 + x2, y1 + y2) ; (x1, y1) ∈ A1, (x2, y2) ∈ A2}
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is a linear relation and it is a direct sum if A1 ∩ A2 = {(0, 0)}.
An operator range or a range space operator in a Hilbert space X is a linear
subspace of X which is the range of some bounded linear operator on X [3]. So the
closed subspaces of X are range space operators.
The notion of range space relation in Hilbert spaces was introduced by A. San-
dovici as a generalization of the notion of range space operator (see, [4, Section
6.4]). Let X and Y be two Hilbert spaces and A ⊆ X × Y be a linear relation. We
say that A is a range space relation if there is a Hilbert space Z and a bounded
linear operator F : Z → X × Y such that ran(F ) = A.
Remark 1.1. (1) Let X and Y be two Hilbert spaces and A ⊆ X × Y a range
space relation. Then A−1 ⊆ Y × X is a range space relation [4, 6.4.1, p.
131].
(2) Let X , Y and Z be three separable Hilbert spaces, A ⊆ X × Y and B ⊆
Y × Z two range space relations. Then BA is a range space relation in X
× Z [4, Proposition 6.4.8].
(3) Let Xi, and Yi, i = 1, 2 be four Hilbert spaces and Ai ⊆ Xi × Yi, i = 1, 2 be
two range space relations. Then A1+̂A2 is a range space relation [4, p.133].
Given a pair (A,B) of bounded linear operators on a Hilbert space X , Douglas
[2] characterized the existence of a bounded linear operator T such that A = BT
in terms of the range of A and the range of B. More precisely, he proved that there
is a bounded linear operator T on X such that A = BT if and only if ran(A) ⊆
ran(B).
Later, Popovici and Sebestye´n [7] and Sandovici and Sebestye´n [6] extended
Douglas’ result in context of linear relations. Sandovici and Sebestye´n [6] proved
some factorization problems of linear relation by showing that if A and B are two
linear relations in linear spaces then there is a linear operator T such that A = BT
if and only if ran(A) ⊆ ran(B) and mul(A) =mul(B) [6, Theorem 1] and also that
there is a linear operator T such that A = TB if and only if dom(A) ⊆dom(B),
ker(B) ⊆ker(A) and there is a linear subspace D ⊆mul(B) and a surjective linear
operator Tmul : D −→ mul(A) [6, Theorem 2].
This paper concerns the factorization problems of range space relations. More
exactly, we show that given two range space relations A ⊆ X × Z and B ⊆ Y ×Z,
T = B−1A is a range space operator solution of the equation A = BX if and only
if ran(A) ⊆ran(B) , mul(B) =mul(A) and B−1is the graph of a linear operator, and
if A ⊆ X × Y and B ⊆ X × Z, T = AB−1 is a range space operator solution of
the equation A = XB if and only if dom(A) ⊆dom (B), ker (B) ⊆ ker (A) and A is
the graph of a linear operator. We also obtain, under some hypotheses regarding
A and B, a necessary and sufficient condition for the existence of a bounded linear
operator T ⊆ X × Y such that A = BT for A ⊆ X × Z and B ⊆ Y ×Z (Theorem
2.4), respectively, for the existence of a bounded linear operator T ⊆ Z × Y such
that A = TB, for A ⊆ X × Y and B ⊆ X ×Z (Theorem 2.8). The adjoint A∗ of
linear relation A ⊆ X × X in a Hilbert space X is a range space relation [1, 5]. In
Proposition 2.11, we obtain a necessary and sufficient condition for the existence of
a bounded linear operator T ⊆ X × X such that A∗ = B∗T , respectively, for the
existence of a bounded linear operator T ⊆ X × X such that A∗ = TB∗ in terms
of A and B.
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2. Main results
Let X ,Y and Z be three Hilbert spaces. Given two range space relations A ⊆ X
× Z and B ⊆ Y ×Z, as in the case of linear relation [7, Corollary 2.4], we obtain a
necessary and sufficient condition such that C = B−1A is a solution of the equation
A = BX.
Proposition 2.1. Let X , Y and Z be three Hilbert spaces and let A ⊆ X × Z and
B ⊆ Y×Z be two range space relations. Then C = B−1A is a solution in the set of
all the range space relations of the equation A = BX if and only if ran(A) ⊆ran(B)
and mul(B) ⊆mul(A) .
Proof. It follows from [7, Corollary 2.4] and Remark 1.1. 
Let A ⊆ X × Z and B ⊆ Y × Z be two linear relations. If ran(A) ⊆ran(B),
then B−1A is a linear operator if and only if mul(A) ⊆mul(B) and ker(B) = {0}
[7, Section3, p. 44]. Using the above results and taking into account Proposition
2.1 we obtain the following corollary.
Corollary 2.2. Let X , Y and Z be three Hilbert spaces and let A ⊆ X × Z and
B ⊆ Y×Z be two range space relations. Then T = B−1A is a range space operator
solution of the equation A = BX if and only if ran(A) ⊆ran(B), mul(B) =mul(A)
and ker(B) = {0}.
Let X and Y be two Hilbert spaces and A ⊆ X × Y a range space relation. Then
there is a Hilbert space Z and a bounded linear operator F : Z → X × Y such that
ran(F ) = A. We can suppose that F is injective. Thus, A is a Hilbert space with
the inner product given by 〈(x1, y1) , (x2, y2)〉A = 〈h1, h2〉, where (xi, yi) = F (hi),
i = 1, 2. Moreover,
1√
2
(‖x‖ + ‖y‖) ≤ ‖(x, y)‖
A
for all (x, y) ∈ A. Then
JA = {((x, y) , x) ; (x, y) ∈ A} ⊆ X × Y × X
is the graph of a linear operator with dom(JA) = A and ran(JA) =dom(A). We
remark that ker(JA) = {0}×mul(A). By [4, Proposition 6.4.3], JA : A →dom(A) ,
JA ((x, y)) = x is a surjective bounded linear operator, and if dom(A) is closed, JA
is an open map.
Remark 2.3. Suppose that dom(A) and mul(A) are closed subspaces in X , respec-
tively Y. Then, A ⊆ X × Y is closed [4, Lemma 6.4.6], and
A = ({0} ×mul(A))⊕ (A ∩ (X ×mul(A)⊥)) .
Therefore, the map J˜A :dom(A)→ A, given by J˜A (x) = (x, y) with y ∈mul(A)⊥ is
an injective bounded linear operator. Moreover, JA ◦ J˜A =iddom(A).
In the following theorem, under some hypotheses regarding A and B, we obtain
a necessary and sufficient condition for the existence of a bounded linear operator
T such that A = BT.
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Theorem 2.4. Let X , Y and Z be three separable Hilbert spaces, A ⊆ X × Z and
B ⊆ Y × Z two range space relations such that dom(A), ran(B) and ker(B) are
closed. Then there is a bounded linear operator T ⊆ X× Y such that A = BT if
and only if ran(A) ⊆ran(B) and mul(B) =mul(A) .
Proof. ”⇒ ” It follows from [4, Theorem 5.3.1].
” ⇐ ” By [4, Theorem 5.3.1], there is a graph relation T ⊆ X × Y such that
A = BT . By the proof of [4, Theorem 5.3.1], dom(T ) =dom(A) and ran(T ) ⊆ YB,
where YB is the orthogonal complement of ker(B). Moreover, (x, yB) ∈ T if and
only if there is z ∈ran(A) such that (yB, z) ∈ B.
Since ran(B) is closed, mul(B) is closed [4, Corollary 6.4.5], and since mul(B) =
mul(A), mul(A) is closed. Let Z =mul(A)⊕ZA.
Since dom(A) is closed, the map J˜A :dom(A) → A defined by J˜A (x) = (x, z)
with z ∈ ZA, is a bounded linear operator.
Let {xn}n ⊆dom(A) be a sequence convergent to x. Since J˜A is continuous, the
sequence
{
J˜A (xn)
}
n
converges to J˜A (x), and if J˜A (xn) = (xn, znA) and J˜A (x) =
(x, zA) , then the sequence {znA}n converges to zA.
On the other hand, since ran(B) is closed, and ker(B) is closed, the linear
map J˜B−1 :ran(B) → B−1, J˜B−1 (z) = (z, y) with y ∈ YB, is continuous. Since
ran(A) ⊆ran(B) , znA, zA ∈ran(B) for all n ∈ N. Therefore there is a sequence
{yn}n ⊆ dom(B) and y ∈dom(B) such that (yn, znA) ∈ B for all n ∈ N and
(y, zA) ∈ B. If for each n ∈ N, yn = ynB + yn ker(B) and y = yB + yker(B), then
(yn ker(B), 0) ∈ B for all n ∈ N and
(
yker(B), 0
) ∈ B. Moreover,
(ynB, znA) = (yn, znA)−
(
yn ker(B), 0
) ∈ B
and
(yB, zA) = (y, zA)−
(
yker(B), 0
) ∈ B.
Then J˜B−1 (zA) = (zA, yB) and for each n ∈ N and J˜B−1 (znA) = (znA, ynB).
Since the sequence {znA}n converges to zA and J˜B−1 is continuous, the sequence
{(znA, ynB)}n converges to (zA, yB) in B−1, and so the sequence {ynB}n converges
to yB.
Thus, we showed that for each n ∈ N, (xn, ynB) ∈ T, (x, yB) ∈ T and yB =
lim
n
ynB. Therefore, T is a bounded linear operator from dom(T ) to Y. 
Corollary 2.5. Let X , Y and Z be three separable Hilbert spaces and let A ⊆ X
× Z and B ⊆ Y × Z be two range space operators such that dom(A), ran(B) and
ker(B) are closed. Then there is a bounded linear operator T ⊆ X× Y such that
A = BT if and only if ran(A) ⊆ran(B) .
The following result is [7, Corollary 2.5] in the context of range space relations.
Proposition 2.6. Let X , Y and Z be three Hilbert spaces and let A ⊆ X × Y
and B ⊆ X × Z be two range space relations. Then C = AB−1 is a solution
in the set of all the range space relations of the equation A = XB if and only if
dom(A) ⊆dom(B) and ker(B) ⊆ ker (A) .
Proof. It follows from [7, Corollary 2.5] and Remark 1.1. 
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Let A ⊆ X × Y and B ⊆ X×Z two range linear relations, then AB−1 is an opera-
tor if and only if dom(A) ⊆dom(B) , ker (B)∩dom(A) ⊆ ker (A) and mul(A) = {0}
[7, Section 4, p.46].
Using the above results and taking into account Proposition 2.6 we obtain the
following corollary.
Corollary 2.7. Let X , Y and Z be three Hilbert spaces, A ⊆ X × Y and B ⊆
X × Z two range space relations. Then T = AB−1 is a range space operator
solution of the equation A = XB if and only if dom(A) ⊆dom(B), ker(B) ⊆ker(A)
and mul(A) = {0}.
In the following theorem, under some hypotheses regarding A and B, we obtain
a necessary and sufficient condition for the existence of a bounded linear operator
T such that A = TB.
Theorem 2.8. Let X , Y and Z be three separable Hilbert spaces, A ⊆ X × Y
and B ⊆ X × Z two range space relations such that dom(A) , mul(A) , ran(B) and
ker(B) are closed. Then, there is a bounded linear operator T ⊆ Z× Y such that
A = TB if and only if
(1) dom(A) ⊆dom(B) ;
(2) ker (B) ⊆ ker (A) ;
(3) there is a range space operator Tmul ⊆mul(B)×mul(A) such that dom(Tmul)
is a closed subspace of mul(B) and ran(Tmul) =mul(A).
Proof. ”⇒ ” From [4, Theorem 5.3.2] it follows that dom(A) ⊆dom(B) and ker (B)
⊆ ker (A) and there is a surjective linear operator Tmul :mul(B)∩dom(T )→mul(A) .
Moreover, Tmul = T |mul(B)∩dom(T ). Since ran(B) is closed, mul(B) is closed [4,
Corollary 6.4.5], and then dom(Tmul ) =mul(B)∩dom(T ) is a closed subspace of
Z. Since T :dom(T ) → Y is a bounded linear operator, Tmul :mul(B)∩dom(T )
→mul(A) is a bounded linear operator. Therefore, Tmul ⊆mul(B)×mul(A) is a
range space operator with dom(Tmul) a closed subspace of mul(B) and ran(Tmul)
=mul(A).
” ⇐ ” Since mul(A) and mul(B) are closed subspaces, Y =mul(A) ⊕ YA and
Z =mul(B) ⊕ ZB, where YA =mul(A)⊥ and ZB =mul(B)⊥. By the proof of [4,
Theorem 5.3.2],
T0 = {(zB, yA) ; (∃)x ∈ X such that (x, yA) ∈ A, (x, zB) ∈ B} ⊆ ZB × YA
is the graph of a linear operator.
We remark that (zB, yA) ∈ T0 if and only if there is xB ∈ ker (B)⊥such that
(xB, yA) ∈ A and (xB, zB) ∈ B.
Indeed, since ker(B) is closed, X =ker (B)⊕ ker (B)⊥.
Let x = x0+ xB with x0 ∈ ker(B) and xB ∈ ker (B)⊥ such that (x, yA) ∈ A and
(x, zB) ∈ B. Since ker (B) ⊆ ker (A), (x0, 0) ∈ A and we deduce that
(xB , yA) = (x, yA)− (x0, 0) ∈ A
and
(xB , zB) = (x, zB)− (x0, 0) ∈ B.
Conversely, if (xB, yA) ∈ A and (xB , zB) ∈ B, then, clearly, (x, yA) ∈ A and
(x, zB) ∈ B.
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Clearly, dom(T0) ⊆ran(B). Let {znB}n be a sequence of elements in dom(T0)
which converges to zB. Since ran(B) is closed, zB ∈ran(B), and since dom
(
B−1
)
=ran(B), the linear map J˜B−1 :ran(B) → B−1 given by J˜B−1 (z) = (z, x) , with
x ∈mul(B−1)⊥ = ker (B)⊥ , is continuous.
For each n ∈ N, let xn ∈ ker (B)⊥ such that J˜B−1 (znB) = (znB, xn). Then the
sequence {(z
nB, xn)}n ⊆ B−1 converges to (zB, x) in B−1, and so the sequence
{xn}n converges to x.
On the other hand, since {znB}n is a sequence of elements in dom(T0), there is a
sequence {xnB}n in ker (B)⊥ and a sequence {ynA}n in YA such that for all n ∈ N,
(xnB , znB) ∈ B and (xnB, ynA) ∈ A. From
(xn, znB)− (xnB, znB) = (xn − xnB, 0) ∈ B for all n ∈ N
we conclude that, for each n ∈ N, xn−xnB ∈ ker (B), but xn−xnB ∈ ker(B)⊥, and
so xn = xnB . Therefore, the sequence {xnB}n converges to x, and since dom(A)
is closed, x ∈dom(A).
Since dom(A) is closed, the linear map J˜A :dom(A) → A defined by J˜A (x) =
(x, y) , with y ∈ YA, is continuos. For each n ∈ N, let yn ∈ YA such that J˜A (xnB) =
(xnB , yn). Then the sequence {(xnB , yn)}n converges to (xB , y) in A, and so the
sequence {yn}n converges to y. From
(0, y
n
− ynA) = (xnB , yn)− (xnB, ynA) ∈ A for all n ∈ N
we conclude that for each n ∈ N, y
n
− ynA ∈mul(A), but yn − ynA ∈mul(A)⊥, and
so y
n
= ynA. Therefore, the sequence {ynA}n converges to y.
Thus, we showed that there is x ∈ ker (B)⊥ and y ∈ YA such that (x, zB) ∈ B
and (x, y) ∈ A. Therefore, (zB, y) ∈ T0. This means that dom(T0) is closed and T0
is a bounded linear operator from dom(T0) to YA. Therefore, T0 ⊆ ZB × YA is a
bounded linear operator.
Then T = T0 ⊕ Tmul ⊆ Z × Y is a bounded linear operator. Moreover, A = BT
(see the proof of [4, Theorem 5.3.2]). 
Corollary 2.9. Let X , Y and Z be three separable Hilbert spaces and let A ⊆ X
× Y and B ⊆ X × Z be two range space operators such that dom(A) , ran(B) and
ker(B) are closed. Then there is a bounded linear operator T ⊆ Z × Y such that
A = TB if and only if dom(A) ⊆dom(B) and ker (B) ⊆ ker (A).
Let X be a Hilbert space and let A ⊆ X × X be a linear relation. The adjoint
of A is the linear relation defined by
A∗ = {(x, y) ∈ X × X ; 〈y, u〉 = 〈x, v〉 for all (u, v) ∈ A}.
The subspace A∗ is closed and so A∗ is a range space relation. Moreover,
mul (A∗) = dom(A)
⊥
and ker (A∗) = ran (A)
⊥
.
Therefore, mul(A∗)and ker (A∗) are closed.
A linear relation A ⊆ X × X is self-adjoint if A = A∗ [5, p.29].
Corollary 2.10. Let X be a separable Hilbert space and let A ⊆ X × X and B ⊆
X × X be two self-adjoint linear relations such that dom(A) and ran(B) are closed.
Then:
(1) There is a bounded linear operator T ⊆ X × X such that A = BT if and
only if ran(A) ⊆ran(B) and mul(B) =mul(A) .
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(2) There is a bounded linear operator T ⊆ X × X such that A = TB if and
only if dom(A) ⊆dom(B), ker (B) ⊆ ker (A) and there is a range space
operator Tmul ⊆mul(B)×mul(A) such that dom(Tmul) is a closed subspace
in mul(B) and ran(Tmul) =mul(A).
Proof. Since A and B are self-adjoint linear relations, it follows that A and B are
closed in X × X [1, 5], and so A and B are range space relations. Also, since A
and B are self-adjoint linear relations, it follows that ker(A), mul(A), ker(B) and
mul(B) are closed subspace in X [5, p.29]. Then the statement (1) follows from
Theorem 2.4 and the statement (2) follows from Theorem 2.8. 
Proposition 2.11. Let X be a separable Hilbert space and let A ⊆ X × X and
B ⊆ X × X be two range space relations such that dom(A) and ran(B) are closed.
Then:
(1) There is a bounded linear operator T ⊆ X × X such that A∗ = B∗T if and
only if ker (B) ⊆ ker (A) and dom(A) = dom (B).
(2) There is a bounded linear operator T ⊆ X × X such that A∗ = TB∗ if
and only if mul(B) ⊆ mul (A), ran (A) ⊆ran(B) and there is a range space
operator T0 ⊆dom(B)⊥×dom(A)⊥ such that dom(T0) is a closed subspace
of dom(B)
⊥
and ran(T0) =dom(A)
⊥
.
Proof. Since dom(A) is closed it follows that dom(A∗) is closed [4, Lemma 6.4.12
(i)] and since ran(B) is closed it follows that ran(B∗) is closed [4, Lemma 6.4.12
(iii)]. Also, since ran(B) is closed it follows that mul(B) is closed.
(1) Since A∗ is a range space relation such that dom(A∗), ran(B∗) and ker (B∗)
are closed, by Theorem 2.4, there is a bounded linear operator T ⊆ X × X such
that A∗ = B∗T if and only ran(A∗) ⊆ran(B∗) and mul(B∗) =mul(A∗). But
mul(A∗) =dom(A)
⊥
and mul(B∗) =dom(B)
⊥
, and then dom(A) = dom (B).
On the other hand, since ran(A∗) = ker (A)⊥ and ran(B∗) = ker (B)⊥[4, Lemma
6.4.12 (iii)], it follows that ran(A∗) ⊆ran(B∗) if and only if ker (B) ⊆ ker (A) .
(2) Since dom(A∗) , mul(A∗) and ran(B∗) are closed, by Theorem 2.8, there
is a bounded linear operator T ⊆ X × X such that A∗ = TB∗ if and only if
dom(A∗) ⊆dom(B∗) , ker (B∗) ⊆ ker (A∗) and there is a range space operator
Tmul ⊆mul(B∗)×mul(A∗) such that dom(Tmul) is a closed subspace of mul(B∗)
and ran(Tmul) =mul(A
∗). Since dom(A∗) =mul(A)
⊥
and dom(B∗) =mul(B)
⊥
[4,
Lemma 6.4.12 (i)] dom(A∗) ⊆dom(B∗) if and only if mul(B) ⊆ mul (A) and since
ran(A)
⊥
= ker (A∗) and ran(B)
⊥
= ker (B∗), ker (B∗) ⊆ ker (A∗) if and only if
ran (A) ⊆ran(B),
Since mul(A∗) =dom(A)
⊥
and mul(B∗) =dom(B)
⊥
, it folows that T0 = Tmul.

Corollary 2.12. Let X be a separable Hilbert space and let A ⊆ X × X and B ⊆
X × X be two self-adjoint linear relations such that dom(A) and ran(B) are closed.
Then:
(1) There is a bounded linear operator T ⊆ X × X such that A = BT if and
only if ker (A) ⊆ker(B) and dom(B) =dom(A) .
(2) There is a bounded linear operator T ⊆ X × X such that A = TB if
and only if mul(B) ⊆mul(B), ran(A) ⊆ran(B) and there is a range space
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operator T0 ⊆dom(B)⊥×dom(A)⊥ such that dom(T0) is a closed subspace
of dom(B)⊥ and ran(T0) =dom(A)
⊥
.
Proof. Since A and B are self-adjoint linear relations, it follows that ker(A), mul(A),
ker(B) and mul(B) are closed subspace in X [5]. The rest of the proof follows from
Proposition 2.11. 
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